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Motivation

• The clustering of galaxies (large-scale structure, 
LSS) is historically one of the key probes of 
cosmology

• From ~1998 until recently, most spectacular 
results came from “cleaner” probes - Supernovae 
and the cosmic microwave background (CMB)

• Now, again, in a new golden age of LSS with 
plenty of experiments under way: BOSS, DES, 
DESI, PFS, SphereX, Euclid, WFIRST, ...

Peebles; Efstathiou+ ’90 predicted a positive cosmological 
constant Λ from LSS observations



Motivation
• Using large-scale structure, we can learn about

• Inflation (or, which mechanism generated seeds of 
structure ?)

• Dark Energy and Gravity (is General Relativity 
correct ?)

• Dark Matter (does it cluster as expected ?)

• the formation history of galaxies, clusters, and the 
IGM

• Uniquely broad set of science opportunities!

• As first demonstrated by 2dF and SDSS



Motivation

• Inflation: reconstruct the properties of the initial 
conditions, and look for gravitational waves

• Dark Energy and Gravity: the growth of 
structure depends sensitively on the expansion 
history of the Universe, and the nature of 
gravity 

• Dark Matter: how “cold” is cold dark matter ? 
What is the sum of neutrino masses ?

D
00 + aHD

0 = 4⇡G ⇢̄DGrowth equation:



Challenge: unlike the CMB, 
every data point is nonlinear!

Hubble UDF



Cold Dark Matter 
cosmology in a nutshell

Millennium simulation / MPA

• Assume scale-invariant, 
adiabatic, approx. Gaussian 
initial conditions

• Large-scale fluctuations are 
small (still linear today)

• Structure forms hierarchically 
from small to large scales

• Perturbative expansion in 
fluctuations on large scales
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Theory of Large-Scale 
Structure

• Well-
established 
tools:

• linear 
Boltzmann 

• N-body* 
methods

�(k, t) = ⇢m(k, t)/⇢̄m � 1

aH

k

linear nonlinear

large 
scales

small 
scales

1

1

Fully GR

Boltzmann

N-body*

Typical perturbations in 
(observable) universe

* and hydrodynamics



Theory of Large-Scale 
Structure

• Foundation: separation between nonlinear 
scale and horizon

• Linear theory: Fourier modes evolve 
independently; solved problem

• However, bulk of information in LSS is on 
nonlinear scales (Nmodes ~ kmax3)

kNL ' 0.1hMpc�1 � aH



How do we compare 
theory with data?

• Assume we observe the matter density 
field*

• Given cosmological model, theory predicts 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field

⇢(x) = ⇢̄[1 + �(x)]
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* Drop time argument throughout for clarity; assume fixed observation time
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How do we compare 
theory with data?

• If matter density field was 
Gaussian, 

• PDF of δ(x) is multivariate Gaussian, with 
diagonal covariance in Fourier space

• Then all the information would 
be contained in the power 
spectrum

• However, final matter density is 
clearly non-Gaussian!

Gil-Marin et al, 2016

h�(k)�⇤(k0)i = (2⇡)3�D(k � k0)P (k)
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Inference beyond the 
power spectrum

• Assume we observe the matter density 
field*

• Given cosmological parameters θ, theory 
predicts 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field

⇢(x) = ⇢̄[1 + �(x)]
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Inference beyond the 
power spectrum

• For the situation we are dealing with in 
cosmology, then, the full posterior of cosmological 
parameters given the data is then given by

P (✓) =

Z
D~�in P

⇣
~�obs

���~�in, ✓
⌘
Pprior

⇣
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Multivariate Gaussian
Functional integral…



Inference beyond the 
power spectrum

• How does this work in practice? Markov Chain Monte Carlo:

• Discretize field on grid

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
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Kitaura & Ensslin, Jasche & Wandelt, Wang, Mo et al, Seljak et al, Jasche & Lavaux (2017), …

• Lots of interest in this approach recently



Full Bayesian inference 
in practice

Jasche, Lavaux+ in prep.
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We don’t observe the matter 
distribution, however…

Hubble UDF



What we observe, 
is this…

Hubble UDF



Thus, we need

Hubble UDF

P
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• We cannot yet simulate the formation of galaxies* 
fully realistically

• Need to abstract from the incomplete understanding 
on small scales

• Only hope for rigorous results is on scales k < kNL

• Goal: describe galaxy clustering up to a given scale 
and accuracy using a finite number of free bias 
parameters     , and stochastic amplitudesbO

Theory of galaxy 
clustering

* Everything in following will apply to any tracer of LSS.
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Abstract

This review presents a comprehensive overview of galaxy bias, that is, the statistical relation between
the distribution of galaxies and matter. We focus on large scales where cosmic density fields are quasi-
linear. On these scales, the clustering of galaxies can be described by a perturbative bias expansion, and the
complicated physics of galaxy formation is absorbed by a finite set of coe�cients of the expansion, called bias
parameters. The review begins with a pedagogical proof of this very important result, which forms the basis
of the rigorous perturbative description of galaxy clustering, under the assumptions of General Relativity
and Gaussian, adiabatic initial conditions. Key components of the bias expansion are all leading local
gravitational observables, which includes the matter density but also tidal fields and their time derivatives.
We hence expand the definition of local bias to encompass all these contributions. This derivation is followed
by a presentation of the peak-background split in its general form, which elucidates the physical meaning of
the bias parameters, and a detailed description of the connection between bias parameters and galaxy (or
halo) statistics. We then review the excursion set formalism and peak theory which provide predictions for
the values of the bias parameters. In the remainder of the review, we consider the generalizations of galaxy
bias required in the presence of various types of cosmological physics that go beyond pressureless matter
with adiabatic, Gaussian initial conditions: primordial non-Gaussianity, massive neutrinos, baryon-CDM
isocurvature perturbations, dark energy, and modified gravity. Finally, we discuss how the description of
galaxy bias in the galaxies’ rest frame is related to observed clustering statistics measured from the observed
angular positions and redshifts in actual galaxy catalogs.

Keywords: cosmology, large-scale structure, galaxy surveys, galaxy bias, dark matter,
primordial non-gaussianity
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Most of what I will talk about, and much more, can be found in:



Galaxy formation

• Consider coarse-grained (large 
scale) view of region that forms a 
galaxy at conformal time τ

• Formation happens over long time 
scale, but small spatial scale R*

• For halos, expect

• Thus, a gradient expansion makes 
sense on large scales (small 
wavenumbers k)

R⇤ . RL



EFT approach in LSS

• Effective field theory: write down all terms (in 
Lagrangian or equations of motion) that are 
consistent with symmetries

• Gravity: general covariance

• Galaxy density: 0-component of 4-vector 
(momentum density)

• Order contributions by perturbative order, and 
number of spatial derivatives (gradient expansion) 
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EFT approach in LSS

• For large-scale structure (LSS), general 
covariance boils down to the statement that    
and    cannot appear in bias expansion

• No surprise: leading gravitational observable 
is tidal field

�, r�
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EFT bias expansion

• Can we write the EFT as local in time and 
space?

• Only makes sense if spatial and time 
derivatives are suppressed

• True for spatial derivatives, but not for time 
derivatives! Galaxies form over many Hubble 
times (as does matter field)

• Fundamental theory is nonlocal in time



• We can similarly deal with non 
locality in time at higher order, 
since expansion continues to 
factorize:

• Allows us to obtain a complete 
expansion of galaxy density field:

ng(x, ⌧) = Fg [@i@j�(xfl(⌧
0), ⌧ 0)]

xfl(⌧
0)

Mirbabayi, FS, Zaldarriaga ’14

Non-locality in time

�(x, ⌧) = D(⌧)�(1)(x) +D2(⌧)�(2)(x) + · · ·
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up to given desired order in 
perturbations



• The picture is not complete yet, since this relation can 
only hold in a “mean-field” sense

• Small-scale perturbations introduce stochasticity ε 
(and higher-order terms)

• Cannot predict ε as field, but know the form of 
statistics:

• In the end, stochasticity reduces to fixed number of 
additional free parameters

Complete bias expansion

h"(k)"⇤(k0)i = (2⇡)3�D(k � k0)
h
P" + k2P {2}

" + · · ·
i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ng(x, ⌧) = n̄g(⌧)

"
1 +

X

O

bO(⌧)O(x, ⌧)+"(x, ⌧) + "�(x, ⌧)�(x, ⌧) · · ·
#

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



• Some virtues of this expansion:

• Complete in the EFT sense: closed under 
renormalization

• Equivalent expansions in Eulerian and 
Lagrangian space

• Bias parameters can be mapped from one 
frame to another unambiguously

• Allows us to obtain likelihood as well -> later

Complete bias expansion



Spatial nonlocality and 
scale-dependent bias

• Beyond large-scale limit: need to expand 
spatial nonlocality of galaxy formation

• Higher derivative biases are suppressed 
with scale R*

• E.g., 

• This also allows for baryonic physics, 
which has to come with additional derivatives

• Example: pressure perturbations

• Pressure force:

• At higher order in derivatives, time 
evolution no longer determined by gravity 
alone

R2
⇤r2�, R2

⇤(r�)2, R2
⇤r2(sij)

2, · · ·�g(k, ⌧) =
�
b1 + br2�k

2R2
⇤
�
�(k, ⌧)

�p = c2s�⇢
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Velocity bias
• Galaxy velocities are important probe of 

cosmology - but how are they related to 
matter velocity?

• Recall that the relative velocity between 
matter and galaxies is an observable, and thus 
cannot involve           , or 

• Leading contribution:

• Two more derivatives -> suppressed by k2

r�
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Velocity bias
•  

• This is what we expect from pressure forces

• Also small-scale stochastic velocities, with power spectrum ~ k4, 
which captures virial motions

• Summary: Galaxy velocities are unbiased on 
large scales

• Can then be used to constrain gravity and dark 
energy

F = r�p / r�
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Application: galaxy 
power spectrum

• Assume we can measure rest-frame galaxy density

• That is, neglect redshift-space distortions and other projection effects

• Leading-order galaxy power spectrum at fixed 
time:

• Valid on very large scales

• 2 free parameters

di�cult, since measurements of higher-order statistics become necessary, for instance the trispectrum in
the case of cubic-order bias parameters. The implementation and the required computational resources for
higher-order statistics become increasingly demanding.

Since this is a substantial subsection, we provide a brief outline here. We begin with the leading two-
and three-point functions in Eulerian space, both in the Fourier- and real-space representations (Sec. 4.1.1).
We then briefly discuss the corresponding results in Lagrangian space (Sec. 4.1.2), which are relevant for
estimating bias parameters from halos identified in N-body simulations. Sec. 4.1.3 then provides a quantita-
tive, albeit simplified and idealized, forecast of the ability of current and future galaxy surveys to measure
the bias parameters and amplitude of the matter power spectrum using the results of Sec. 4.1.1. Next, we
derive the next-to-leading correction to the galaxy two-point function (1-loop power spectrum) in Sec. 4.1.4,
illustrating how the predictions of Sec. 4.1.1 can be taken to higher order and what scalings the higher-order
terms obey.

4.1.1 Two- and three-point functions at leading order
We begin with the leading-order (LO), or tree-level, predictions for the power spectrum and bispectrum of

halos, that is, the two- and three-point correlation functions in Fourier space. The leading-order calculation
of the halo power spectrum and bispectrum requires, respectively, linear- and second-order perturbation
theory (see Appendix B). These leading-order predictions are accurate on su�ciently large scales, roughly
at the level of 10% for k . 0.03 h Mpc�1 in Fourier space at z = 0 (a more precise calculation is the subject
of Sec. 4.1.4); the range increases at higher redshifts [100]. We will present the corresponding real-space
results, the correlation functions, at the end of this section.

The halo auto-power spectrum and halo-matter cross-power spectrum are given by

P lo
hh(k) ⌘ h�h(k)�h(k0)i0lo = b2

1
PL(k) + P {0}

"

P lo
hm(k) ⌘ h�h(k)�m(k0)i0lo = b1PL(k) , (4.2)

where, here and throughout, a prime on an expectation value denotes that the momentum-conserving Dirac
delta, (2⇡)3�D(k+k

0) in case of Eq. (4.2), is to be dropped (see Tab. 2). As mentioned in the introduction,
we drop the time argument throughout this section for clarity. Again, we would obtain the same relation
for galaxies if we were able to measure their proper rest-frame density at the true physical position, that

is, without redshift-space distortions and other projection e↵ects. P {0}

" = limk!0h"(k)"(k0)i0 is the scale-
independent large-scale stochastic contribution [see Eq. (2.83) in Sec. 2.8]. Note that this is a renormalized
stochastic term which absorbs scale-independent terms from higher loop integrals (see Sec. 4.1.4). We will

discuss P {0}

" in more detail in Sec. 4.5.3. The next-to-leading-order corrections to Phh(k) as well as Phm(k)
from nonlinear evolution of both matter and bias, and from higher-derivative biases, will be described in
Sec. 4.1.4.

Since the halo stochasticity contributes to the halo auto-power spectrum Phh(k) but not to the halo-
matter cross-power spectrum Phm(k), the latter o↵ers the simplest and cleanest measurement of the linear
bias parameter b1 for halos (see e.g. [228, 229, 125]). This technique can also be applied to galaxies,
by measuring the matter distribution through weak gravitational lensing, specifically, the cross-correlation
(“galaxy-galaxy lensing”) of the projected galaxy density with the tangential shear measured from source
galaxies at higher redshifts [93, 230, 231, 232, 233, 234] (see [235] for a recent review). Briefly, for lens galaxies
at a known comoving distance �L and source galaxies following a normalized redshift distribution p(z), the
stacked tangential shear around galaxies in angular multipole space corresponds to a projection of the real-
space galaxy-matter power spectrum, Pgm = b1Pmm at leading order, given in the Limber approximation
[236] by

Cg�(l) =
3

2
⌦m0H

2

0

Z
dz p(z)

�(z) � �L

�(z)

�
1 + z(�L)

�L
Pgm

 
k =

p
l(l + 1)

�L
, z(�L)

!
. (4.3)

By itself, this observable su↵ers from a degeneracy between b1 and the matter power spectrum normalization.
This degeneracy can be broken by including the projected auto-correlation of galaxies Cgg(l), and/or the
cosmic shear power spectrum C��(l), as recently applied in [237, 31].
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<latexit sha1_base64="Whwo2OoRMsKKkXPb5q8OgBWyb5k="></latexit><latexit sha1_base64="Whwo2OoRMsKKkXPb5q8OgBWyb5k="></latexit><latexit sha1_base64="Whwo2OoRMsKKkXPb5q8OgBWyb5k="></latexit><latexit sha1_base64="Whwo2OoRMsKKkXPb5q8OgBWyb5k="></latexit>



• Next-to-leading order (NLO): involve 2 additional 
quadratic, 1 cubic, and 2 higher-derivative parameters

• Quadratic and cubic terms scale like

• Controlled by shape of P(k) and nonlinear scale

• Higher-derivative contributions scale as

• Obviously, NLO corrections become important toward 
smaller scales (higher k)

• Importantly: Two independent expansion parameters!

Application: galaxy 
power spectrum

disentangle the various higher-order bias parameters in practice; note that there is only a limited range
in wavenumbers that can be used for the parameter estimation, due to the presence of higher loop and
derivative corrections (see below). Nevertheless, the leading-order bispectrum can be used to determine b2

and bK2 , leaving only btd, br2�, and P {2}

""m to be constrained from the NLO correction to the halo-matter
cross-power spectrum.

In order to gain a more detailed understanding of the magnitude of the corrections in Eq. (4.22), let us
approximate the matter power spectrum by a power law,

PL(k) ⇡ 2⇡2

k3
nl

✓
k

knl

◆n

, (4.25)

where knl is the nonlinear scale at which the dimensionless matter power spectrum �2(k) = k3PL(k)/(2⇡2)
becomes unity. This yields, for example,
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PL(k)
= 2
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1

�1
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Z
1

0

x2dx
h⇣

x
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1 + x2 � 2xµ
⌘n

� x2n
i

. (4.26)

While other NLO loop-integral terms have di↵erent angular integrands, the scaling / (k/knl)3+n is common
to all (see also Fig. 12). Note that, depending on the value of n, the integral over x might need to be
regularized in the UV (ultraviolet, small-scale, or large-x, limit of the integral), while the integral is safe from
divergence in the IR (infrared, large-scale, or small-x, limit of the integral), because of the term subtracted
in Eq. (4.23); in any case, this does not a↵ect the scaling with k/knl. This scaling allows us to estimate the
importance of higher-order terms. For example, 2-loop corrections correspondingly scale as (k/knl)2(3+n)

for a scale-free power spectrum [216]. For our reference ⇤CDM cosmology, we have approximately15 knl(z =
0) = 0.25 h Mpc�1 and n = d ln PL/d ln k|knl = �1.7, so that the one-loop terms scale approximately as
(k/knl)1.3. Of course, this is only a rough approximation as PL(k) cannot be approximated as a power
law over the entire relevant range of scales. In particular, since n becomes positive for k . 0.02 h Mpc�1,
the NLO terms eventually scale as k2 for su�ciently small values of k. Nevertheless, such estimates are
important as they allow us to marginalize over higher-loop corrections and rigorously take into account the
uncertainty in the prediction of Eq. (4.22) [261].

The higher-derivative term / br2� obeys a scaling with k (/ k2) that is in general di↵erent from that
of the NLO corrections (/ k3+n). Further, the former involves an additional scale, R⇤. Thus, we have two
independent expansion parameters,

✏loop ⌘
✓

k

knl

◆3+n

⇡
✓

k

0.25 h Mpc�1

◆1.3

, and ✏deriv. ⌘ k2R2

⇤
. (4.27)

Thus, depending on the halo or galaxy sample, the leading higher-derivative term could be negligible com-
pared to the NLO corrections on the scales of interest, e.g. 0.01 . k[ h Mpc�1] . 0.2, or could be significantly
larger. If ✏deriv. is comparable to ✏loop on the scales considered, then both NLO and leading higher-derivative
corrections should be included. This is what we have assumed in Eq. (4.22). More generally, when going to
higher orders, one would then include terms that involve the same powers of ✏loop and ✏deriv.. For example,
at 2-loop order, these are the terms of order ✏2

loop
, ✏loop✏deriv., and ✏2

deriv.
. On the other hand, if the two

expansion parameters are substantially di↵erent, then it is necessary to retain terms that are higher order
in the larger parameter. For example, if ✏deriv. � ✏loop, one should allow for additional higher-derivative
terms, which leads to contributions / {k4R4

⇤
, k6R6

⇤
, · · · } PL(k) in Eq. (4.22) [126, 262, 263]. The cuto↵ of

the perturbative approach then is at k ⇡ 1/R⇤. All of this applies analogously to the bispectrum and higher
n-point functions.

Finally, the higher-derivative stochastic contributions, which scale as k2 (as opposed to k2PL(k) as
the higher-derivative bias contribution), are higher order in terms of their k scaling, but the amplitude

15This was obtained by fitting a power law to PL(k) over the range k 2 [0.1, 0.25]hMpc�1.
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disentangle the various higher-order bias parameters in practice; note that there is only a limited range
in wavenumbers that can be used for the parameter estimation, due to the presence of higher loop and
derivative corrections (see below). Nevertheless, the leading-order bispectrum can be used to determine b2
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""m to be constrained from the NLO correction to the halo-matter
cross-power spectrum.
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where knl is the nonlinear scale at which the dimensionless matter power spectrum �2(k) = k3PL(k)/(2⇡2)
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While other NLO loop-integral terms have di↵erent angular integrands, the scaling / (k/knl)3+n is common
to all (see also Fig. 12). Note that, depending on the value of n, the integral over x might need to be
regularized in the UV (ultraviolet, small-scale, or large-x, limit of the integral), while the integral is safe from
divergence in the IR (infrared, large-scale, or small-x, limit of the integral), because of the term subtracted
in Eq. (4.23); in any case, this does not a↵ect the scaling with k/knl. This scaling allows us to estimate the
importance of higher-order terms. For example, 2-loop corrections correspondingly scale as (k/knl)2(3+n)

for a scale-free power spectrum [216]. For our reference ⇤CDM cosmology, we have approximately15 knl(z =
0) = 0.25 h Mpc�1 and n = d ln PL/d ln k|knl = �1.7, so that the one-loop terms scale approximately as
(k/knl)1.3. Of course, this is only a rough approximation as PL(k) cannot be approximated as a power
law over the entire relevant range of scales. In particular, since n becomes positive for k . 0.02 h Mpc�1,
the NLO terms eventually scale as k2 for su�ciently small values of k. Nevertheless, such estimates are
important as they allow us to marginalize over higher-loop corrections and rigorously take into account the
uncertainty in the prediction of Eq. (4.22) [261].

The higher-derivative term / br2� obeys a scaling with k (/ k2) that is in general di↵erent from that
of the NLO corrections (/ k3+n). Further, the former involves an additional scale, R⇤. Thus, we have two
independent expansion parameters,

✏loop ⌘
✓

k

knl

◆3+n

⇡
✓

k

0.25 h Mpc�1

◆1.3

, and ✏deriv. ⌘ k2R2

⇤
. (4.27)

Thus, depending on the halo or galaxy sample, the leading higher-derivative term could be negligible com-
pared to the NLO corrections on the scales of interest, e.g. 0.01 . k[ h Mpc�1] . 0.2, or could be significantly
larger. If ✏deriv. is comparable to ✏loop on the scales considered, then both NLO and leading higher-derivative
corrections should be included. This is what we have assumed in Eq. (4.22). More generally, when going to
higher orders, one would then include terms that involve the same powers of ✏loop and ✏deriv.. For example,
at 2-loop order, these are the terms of order ✏2
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, ✏loop✏deriv., and ✏2
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. On the other hand, if the two

expansion parameters are substantially di↵erent, then it is necessary to retain terms that are higher order
in the larger parameter. For example, if ✏deriv. � ✏loop, one should allow for additional higher-derivative
terms, which leads to contributions / {k4R4
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, · · · } PL(k) in Eq. (4.22) [126, 262, 263]. The cuto↵ of

the perturbative approach then is at k ⇡ 1/R⇤. All of this applies analogously to the bispectrum and higher
n-point functions.

Finally, the higher-derivative stochastic contributions, which scale as k2 (as opposed to k2PL(k) as
the higher-derivative bias contribution), are higher order in terms of their k scaling, but the amplitude
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directly connected to a propagator (linear power spectrum).26

3. Propagators are represented as vertices with 2 outgoing lines of opposite momentum ±k,
PL(k)

�k k

,

and they are assigned a factor PL(k).

4. All momenta that are not fixed in terms of momentum constraints are integrated over via

Z

p
⌘

Z
d3
p

(2⇡)3
. (B.24)

A diagram without any loop integral is said to be a leading-order (LO), or tree-level diagram.

5. Each diagram is multiplied by the symmetry factor, which accounts for the number of all nonequivalent
labelings of external lines and degenerate configurations of the diagram.

As an example, the NLO contribution to the matter power spectrum [Eq. (B.18)] can be represented as:

P nlo
mm(k) = P (22)

mm (k) + 2P (13)

mm (k) =
F2 F2

+
F3

. (B.25)

Appendix B.3 E↵ective field theory and the nonlinear scale

The pressureless fluid equations Eqs. (B.1)–(B.2) that we have considered so far are not strictly correct,
as they neither take into account shell crossing of the dark matter, nor the presence of pressure in the
baryonic component. In reality, dark matter is governed by the collisionless Boltzmann, or Vlasov equation,
which predicts that multi-streaming occurs on small scales. Indeed, Eqs. (B.1)–(B.2) are obtained from the
Vlasov equation by truncating the hierarchy of velocity moments, and dropping the second- and higher-order
moments, which contain the e↵ective pressure and anisotropic stress. The pressure of the baryon fluid, on
the other hand, cannot be neglected on small scales. The E↵ective Field Theory approach to Large-Scale
Structure (EFTofLSS [83, 84]) provides a rigorous approach to take into account these beyond-pressureless-
perfect-fluid contributions from small-scale perturbations. Essentially, this can be seen as a bias expansion
for a specific tracer that obeys stress-energy conservation. The latter in fact ensures that Eqs. (B.1)–(B.2)
are only corrected by higher-derivative contributions.

The derivation of the EFT contributions proceeds by smoothing the density �⇤(x, ⌧) and velocity v⇤(x, ⌧)
fields on the arbitrary scale ⇤, retaining only modes k . ⇤ (see Sec. 2.10). While this erases the small-scale
perturbations, the latter contribute stochastic terms, and moreover are modulated by �⇤ and v⇤, leading to
additional long-wavelength contributions. In the end, one obtains a contribution �@j⌧ ij/⇢m on the right-
hand-side of the Euler equation, where the e↵ective stress tensor ⌧ij captures the pressure and viscosity forces
induced by the small-scale fluctuations. Expanding this to leading order in the large-scale fluctuations, the
e↵ective stress tensor can be written as [83, 84]

[⌧ij ]⇤ = pe↵(⇤)�ij + ⇢m
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s(⇤)�⇤�ij � c2
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✓
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j
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+ @jv
i
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� 3

2
�ijr · v⇤

◆�
+ · · · .

(B.26)
Here, pe↵ , cs, cbv, csv are, respectively, e↵ective pressure, adiabatic sound speed, bulk viscosity coe�cient,
and shear viscosity coe�cient, which depend on ⇤. Note that pe↵ leads to a stochastic contribution to the
matter velocity vi(k) which in Fourier space is proportional to iki (see also Sec. 2.8). Since the quantities
cs, cbv, csv are due to the dependence of the small-scale density and velocity fields on the large-scale en-

26This is because diagrams that involve interaction vertices directly connected to each other are absorbed into higher-order
interaction vertices.
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Figure 12: Left panel: illustration of halo auto- (red, top line) and cross-power spectra (green, middle line), and the matter
power spectrum (blue, bottom line) at z = 0. The solid lines show the total LO plus NLO result, while the dashed curves
show the LO (linear) prediction only. The bias parameters used here are b1 = 1.50, b2 = �0.69, and bK2 = �0.14, as in
Tab. 6, while br2� = R2

⇤ with R⇤ = 2.61h�1 Mpc. btd = 23/42(b1 � 1) is taken from the Lagrangian LIMD prediction

(Sec. 2.4). The stochastic amplitudes are taken from the Poisson expectation, P
{0}
" = 1/nh and P

{2}
" = �R2

⇤/nh, with

nh = 1.41 · 10�4(h�1 Mpc)�3. We have set P
{2}
""m = 0 in P nlo

hm (k). Right panel: fractional size of the NLO contributions to
the matter and halo-matter cross-power spectrum at z = 0. The red dashed line shows the result for Phm(k) for the fiducial
bias parameters given above. The di↵erent shaded areas around P nlo

hm show the e↵ect of rescaling the various bias parameters
by a factor in the range [0.5, 2]. Clearly, the contributions from di↵erent bias parameters exhibit similar dependencies on k,
and are in general di�cult to disentangle using only the power spectrum. The perturbative description is expected to fail for
k & 0.25hMpc�1, where P nlo

mm(k) becomes as large as the LO prediction PL(k).

We will return to this in Sec. 4.5.3. It is often assumed that there is no stochastic contribution to the
halo-matter cross-power spectrum. However, this is only true at lowest order. The nonlinear small-scale
modes of the density field are responsible for both the halo stochasticity " and the stochastic contribution
to the matter density field "m, which, as discussed in Appendix B.3, is due to the e↵ective pressure of the
nonlinear matter fluctuations and scales as k2 in the low-k limit. Hence, one has to allow for a correlation

between the two stochastic fields, leading to the term k2P {2}

""m in P nlo
hm , which is comparable to the other

NLO contributions. Note that it could be either positive or negative.
The magnitude and scale dependence of the NLO corrections to the halo and matter power spectra is

shown in Fig. 12. As expected, we see that the corrections become increasingly important towards smaller
scales (higher k). We see a particularly steep suppression of Phh(k), which, for our fiducial parameters, is

dominated by the higher-derivative stochastic contribution k2P {2}

" . The right panel of Fig. 12 shows the
fractional size of the NLO correction to Pmm(k) and Phm(k). Depending on the value of the various bias
and stochastic parameters, the NLO correction could be either positive or negative (shaded regions), and
cancellations between the di↵erent NLO contributions can occur. In any case, as soon as the fractional
size of the NLO correction approaches order unity, we expect that higher-order loop contributions which we
have not included become comparable to P nlo

hm (k) as well, and hence the perturbative expansion ceases to
converge.

The NLO halo-matter power spectrum adds five additional free parameters to the ones present at leading

order (b1, P {0}

" ). These can, in principle, be disentangled due to the di↵erent scale dependence of each term.
However, as illustrated in Fig. 12, these scale dependences are su�ciently similar that it is di�cult to
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• Many contributions have very similar shape

• If only interested in power spectrum, can significantly reduce 
number of free parameters

• But then we cannot make use of constraints imposed by the 
EFT / equivalence principle

Fractional size of NLO contributions to galaxy power spectrum



• Consider galaxy and matter over density at second order:

• Equivalence principle ensures that large-scale displacement                                      
is the same for galaxies and matter (cf. velocities)

• Displacement term allows for disentangling bias and 
amplitude of fluctuations (As or σ8)

• In terms of summary statistics: need to measure three-point 
function (bispectrum)

• But there are more such robust terms at higher orders

Why we should go beyond the 
power spectrum

�(2)g = b1�
(2) +

1

2
b2�

2 + bK2(Kij)
2

�(2) =
17

21
�2 +

2

7
(Kij)

2 � sk@k�
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Full Bayesian inference 
in the EFT approach

• Recall that we need an expression for the 
conditional probability 

• Again, we want to abstract from unknown small-
scale details of galaxy formation - likelihood needs 
to absorb these details

• Describe galaxy counts in term of discretized 
fractional overdensity:

P
⇣
~Ng

���~�
⌘
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An EFT approach to 
the likelihood

• Recall that the noise in the galaxy field is 
approximately Gaussian with analytic power 
spectrum:

• and

• Direct consequence of perturbative expansion

FS, Elsner, et al; 1808:02002
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An EFT approach to 
the likelihood

• Hence, write the conditional probability              
in Fourier space:

FS, Elsner, et al; 1808:02002
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Flowchart:
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• Concrete implementation: 2LPT forward 
evolution with

• 7 free parameters, plus kmax as fixed 
metaparameter 

EFT likelihood 
implementation

in perturbation theory: matter density and velocity divergence, tidal field, and so on. At a
given order in perturbation theory, there is only a finite fixed number of linearly indepen-
dent gravitational observables [19, 20]. Moreover, even though the gravitational observables
include time derivatives, all of these operators can be expressed as nonlocal, nonlinear trans-
formations of the final density field δ⃗ [20] (see Sec. 2.5 of [3] for a review). bO are the
corresponding bias parameters.

Eq. (2.3) only predicts the halo density field in a statistical sense. That is, if we imagine
stacking many cells that have the same values of all operators O appearing in Eq. (2.3), then
the mean density of halos in these cells should approach the prediction in Eq. (2.3). At any
given point, the halo density can deviate from the prediction in Eq. (2.3), due to the random
nature of the small-scale perturbations that we have integrated out in the bias expansion,
but that yet are relevant for halo formation. This “scatter” will be taken into account in the
conditional probability which we discuss below. Further, we reiterate that the operators in
Eq. (2.3) are constructed from the evolved density field on the grid, i.e. filtered on the grid
scale. This will become relevant later.

In this paper, we use the following default set of operators:

O ∈
{

δ, δ2 −
〈

δ2
〉

, (K2
ij)−

〈

(Kij)
2
〉

, ∇2δ
}

,

with coefficients

{

b1,
b2
2
, bK2 , c∇2δ

}

. (2.4)

We further define bN ≡ N !bδN as the bias coefficient corresponding to the N -th power of the
matter density field (local-in-matter-density, LIMD). We denote the higher-derivative bias
coefficient as c∇2δ rather than b∇2δ, as it is an effective coefficient which also absorbs other
contributions which depend on the chosen smoothing scale and cutoff, as we will see. More
generally, the bias parameters bO correspond to well-defined physical bias parameters, while
parameters denoted as cO (so far, only c∇2δ) are understood as effective coefficients which
also absorb higher-order contributions.

Eq. (2.4) corresponds to the complete set of operators up to second order at leading
order in derivatives, and the leading higher-derivative operator (∇2δ). The significance of
this choice will become clear later.

2.4 Stochasticity and conditional probability

The final ingredient needed in the Bayesian forward model is the probability for finding a
certain number of halos or galaxies in a given cell, given the predicted deterministic field
δ⃗h,det (as well as the matter density field). We will phrase this equivalently as the conditional

probability for finding a measured halo density field δ⃗h given the predicted mean-field halo
density δ⃗h,det. As discussed in the previous section, this probability should take into account
the scatter induced by the small-scale modes that are not explicitly included in the forward
model, which are nevertheless relevant for determining exactly where a halo forms. Further,
the conditional probability also needs to be able to capture deficiencies in the bias expansion
Eq. (2.3), as well as in the forward model for matter and gravity.

One approach, followed by essentially all literature on this topic so far, is to assume
that the size of the grid cells Rcell is much larger than the scale R∗ that controls the higher-
derivative contributions to the halo density in Eq. (2.3). That is, one assumes that on the
scales resolved on the grid, halo formation can be effectively approximated as spatially local.
In the EFT approach, the leading correction to this assumption is captured by the operator

– 6 –

(actually, renormalized versions of 
these operators, constructed from 
density sharp-k filtered at 2kmax)

FS, Elsner, et al; 1808:02002



EFT likelihood 
implementation

• Includes complete bias expansion up to second 
order and leading higher-derivative term

• Can show that this Fourier-space EFT likelihood 
captures information equivalent to

• Galaxy power spectrum at 1-loop order

• Galaxy bispectrum at leading order

• Full 2LPT BAO reconstruction

Combined!

FS, Elsner, et al; 1808:02002



First results
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Figure 1. The EFT-based likelihood presented here allows for an unbiased measurement of bias and
cosmological parameters like σ8. For halos in the mass range 1013 h−1M⊙ ≤ M ≤ 1013.5 h−1M⊙ (left
panel) and 1014 h−1M⊙ ≤ M ≤ 1014.5 h−1M⊙ (right panel), we show maximum likelihood estimates
of the scaled bias parameters β1,βδ2 ,βK2 ,β∇2δ, the variance V ϵ, 2

hm , and α ≡ σ8/σ8,fid (from top to
bottom) for two different simulations as a function of k. The filtering scale is indicated by vertical
dotted lines while the horizontal dotted line in the bottom panels corresponds to an unbiased σ8

estimate that matches the input value of the simulation. Error bars are 2-σ bootstrap estimates over
halo subsamples, which do not include residual cosmic variance.

tracers of the matter density field from two independent simulation runs. Averaged over scales
up to kmax = 0.05h Mpc−1, we obtain numerical values for the scaling parameters α13−13.5 =
1.03, 1.04, and α14−14.5 = 1.01, 0.99 for the two realizations, respectively, indicating that
we can consistently recover the input parameters from modes below the smoothing scale
used in this example. The statistical uncertainty in the inferred value of α is not simple to
estimate, since we have fixed the phases in our inference to the true values, and hence cancel
cosmic variance to the largest possible degree. The differences between the two simulation
realizations give a rough indication of the error in the MLE parameters. Further, as a lower
limit on the errors associated with the estimation, we also show uncertainty estimates from
bootstrap samples of the halo catalog in Fig. 1 but stress that they fail to fully capture the
cosmic variance contribution. Clearly, σ8 is correctly recovered up to a few percent accuracy,
with some indication for a small positive bias.

We note in closing that the tests discussed here are in some sense the most stringent
possible probes of theoretical systematics, since a perfect knowledge of the underlying matter
density field has been assumed. In real-world applications, however, the phases have to
be inferred from the data and are subject to uncertainties that in general result in larger

– 26 –

• From halos in N-body simulations

• Right now, phases are fixed to true values

↵ ⌘ �8/�
true
8
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Summary
• LSS contains a wealth of information on dark energy, 

growth of structure, and the early Universe

• To use this, we need to understand nonlinear (and nonlocal) 
relation between initial conditions and observed galaxies

• We now have a complete framework for galaxy biasing (on 
perturbative scales)

• Also for galaxy velocities

• Leads to well-defined prediction for all n-point functions of 
galaxies

• “Just compute”

• Lots of free parameters, however



Summary
• Next challenges: 

• How much information in nonlinear 
galaxy clustering, given these many 
free parameters? 

• How best to extract it?

• Right approach in principle: full Bayesian 
inference (“forward modeling”) with 
explicit marginalization over phases

• We have made recent progress in 
understanding how the EFT 
approach provide us with a robust 
likelihood for this purpose 


